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Abstract 

This paper is concerned with blow-up phenomena and global existence for a periodic 
two-component Hunter-Saxton system. We first derive the precise blow-up scenario for 
strong solutions to the system. Then, we present several new blow-up results of strong 
solutions and a new global existence result to the system. Our obtained results for the 
system are sharp and improve considerably earlier results. 
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1 Introduction 

In this paper, we study the Cauchy problem of the following periodic two-component Hunter- 
Saxton system: 

utxx + '^•UxUxx + uuxxx - kppx = 0, t > 0, X G M, 

pt + {pu)x = 0, t > 0, X G M, 

u{{),x) = uo{x), X G M, 

p{^,x) = pq{x), X G M, 

u{t,x + 1) = u{t,x), t>0,xG]R, 

x + l)= p{t, x), t > 0, X G M, 

where k = ±1. The system (1.1) was originally proposed in [18] and is the short-wave limit 
of the two-component Camassa-Holm system [4, 8j. The system (1.1) is also a special case of 
Green-Naghdi system modeling the non-dissipative dark matter |19j . 
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For p = 0, the system (1.1) reduces to the Hunter-Saxton equation jlT], which describes 
the propagation of weakly nonhnear orientation waves in a massive nematic hquid crystal 
director field. The single-component model also arises in a different physical context as the 
high-frequency limit [TJ [T^] of the Camassa-Holm equation for shallow water waves [21 |13| , 
a re-expression of the geodesic flow on the diffeomorphism group of the circle [5] with a bi- 
Hamiltonian structure [9] which is completely integrable [6j. The Hunter-Saxton equation also 
has a bi-Hamiltonian structure \13\ [T8] and is completely integrable [U [12]. Moreover, the 
Hunter-Saxton equation has a geometric interpretation which was intensively studied in |16j . 

The initial value problem for the Hunter-Saxton equation on the line (nonperiodic case) 
was studied by Hunter and Saxton in [11]. Using the method of characteristics, they showed 
that smooth solutions exist locally and break down in finite time, see [11]. The occurrence of 
blow-up can be interpreted physically as the phenomenon by which waves that propagate away 
from the perturbation knock the director field out of its unperturbed state [IT]. The initial 
value problem for the Hunter-Saxton equation on the unit circle § = M/Z was discussed in 
[22] . The author proved the local existence of strong solutions to the periodic Hunter-Saxton 
equation, showed that all strong solutions except space-independent solutions blow up in finite 
time by using Kato semigroup method |14] . Moreover, the behavior of the solutions exhibits 
different features. 

For p ^ 0, peakon solutions and the Cauchy problem of the system (1.1) with k = ±1 
have been discussed in |11[2D]. Recently, a generalization of the two-component Hunter-Saxton 
system was proposed in [21] . The global existence of solutions to the generalized two-component 
Hunter-Saxton system was obtained in |10j . The aim of this paper is to study further blow-up 
phenomena and global existence of the system (1.1). The precise blow-up scenario, several 
new blow-up results and a new global existence result of strong solutions to the system (1.1) 
are presented. The obtained results are sharp and improve considerably the recent results in 



The paper is organized as follows. In Section 2, we recall the local existence of the initial 
value problem associated with the system (1.1). In Section 3, we derive two precise blow-up 
scenarios. In Section 4, we present several explosion criteria of strong solutions to the system 
(1.1) with rather general initial data. In Section 5, we give a new global existence result of 
strong solutions to the system (1.1). 

Notation Given a Banach space Z, we denote its norm by || • ||z. Since all space of functions 
are over S, for simplicity, we drop S in our notations if there is no ambiguity. We let [A, B] 
denote the commutator of linear operator A and B. For convenience, we let {■\-)sxr and (•|-)s 
denote the inner products of x , s,r £ IR+ and H^, s G R+, respectively. 

2 Local existence 

We provide now the framework in which we shall reformulate the system (1.1). Integrating the 
first equation in (1.1) with respect to x, we have 



[a ED]. 
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Utx + UUa;x + 



^P^ = ait) 



where 
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and 



-ait) = 0, 



cf. [2D]. For convenience, we let a := a(0). Thus, 



utx + uuxx = - ^ul + a- 



(2.1) 



(2.2) 



(2.3) 



Integrating (2.1) with respect to x, we get 

k 1 

Ut + uux = d~^{-p^ + -ul + a) + h{t), 

where d~^g{x) = g{y)dy and h{t) : [0, oo) — )• M is an arbitrary continuous function. 
Thus we get an equivalent form of the system (1.1) 

Ut + uux = 9^^(|p^ + ^ul + a) + h{t), t > 0, X G M, 

Pt + ipu)x = 0, t > 0, X G M, 

u{0,x) = uo{x), X G M, 

p{0,x) = po{x), X G M, 

p{t,x + 1) = p{t,x), t>0,xGM, 

^ u{t,x + 1) = u{t,x), t>0,xGM, 

where k = ±1, d~^g{x) = g{y)dy and h(t) : [0,oo) — )• M is an arbitrary continuous function. 
We now recall the local well-posedness result for system (2.3). 

Theorem 2.1 JE^ Given h{t) G C([0,oo);M) and zq = {uo,po) e x H'-^ , s > 2, then 
there exists a maximal T = T{a,h{t), \\ zq \\jjsy.jjs-i) > 0, and a unique solution z = {u, p) to 
(2.3) such that 

z = z{-, zq) G ^([0, T)-Wx W~^) n C^([0, T)-W-^ x H'^"^). 
Moreover, the solution depends continuously on the initial data, i.e., the mapping 

zq^z{-,zq) : W X H'-^ ^ C{[Q,T)-W X H'-'^) r^C'^{[Q,T)■H'-^ x H'-"^) 



is continuous. 



As a consequence of Theorem 2.1 and the relation between the solution of the system (1.1) 
and the solution of the system (2.3), we have the following local exist result. 

Theorem 2.2 Given zq = (no,po) £ x H^^^,s > 2. Then there exists locally a family of 
solutions to (1.1). 

Note that the solution of the system (2.3) for any fixed h{t) is unique. However, the solution 
of the system (1.1) given by Theorem 2.2 is not unique by the arbitrariness of h{t). In the 
following sections, we discuss the corresponding unique solution to the system (2.3) with a 
fixed h{t). 
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3 The precise blow-up scenario 

In this section, we present the precise blow-up scenario for strong solutions to the system (1.1). 
We first recall the following lemmas. 

Lemma 3.1 JlSf If r > 0, then n is an algebra. Moreover 

II fg \\h^< c(|| / Wl^W g \\h^ + \\ f ||//r|| g 

where c is a constant depending only on r. 

Lemma 3.2 |73"/ If r > 0, then 

II [A^/]^7 \\l^< c{\\ WlA A'"'9 IIl^ + II A7 ||i2|| g 
where c is a constant depending only on r. 

Lemma 3.3 J^/ Let to > and v £ C^{[0,tQ); H'^{R)). Then for every t £ [0,to) there exists 
at least one point ^(t) G M with 

m{t) := mi{v^{t,x)} = t;^(t,^(t)), 

and the function m is almost everywhere differentiable on (0, to) with 

^m{t) = vtx{t,C{t)) a.e. on (0,to)- 

Remark 3.1 If v £ C^{[0,to); II'^{M.)), s > |, then Lemma 3.3 also holds true. Meanwhile, 
Lemma 3.3 works analogously for 

M{t) :=supK.(t,x)}. 

Lemma 3.4 Assume k = \. Let zq = \ ^ \ ^ x H^^^ , s > |, 6e given and assume that 

\po J 

f u\ 

T is the maximal existence time of the corresponding solution z = i \ to (1.1) with the 



P 



initial data zo. Then 



\\Pxit,-)\\L°° <Kexpi^-2 j Ux{s,i{s))ds^ , 

where is a maximal point of u^^ + p^. in [0,T) x § and K = \\uo^xx\\l°° + ||po,x||l°°. 

Proof Multiplying the first equation in (1.1) by Uxx, we get 

\{ul^)t + "^Uxul^ + u]^{ul^)x - ppxUxx = 0. (3.1) 

Differentiating the second equation in (1.1) in x and multiplying the obtained equation by px, 
we get 

-{pl)t + 2uxpI + u-{pI)x + PPxUxx = 0. (3.2) 



Adding the above two equations, we have 



li4x + Pl)t + '^■u^ciul^ + pI) + \{ul^ + = 0. (3.3) 



By 2; e C([0, T); iJ* x s > |, we know u^^ G G Moreover, since H^~'^ is 

sup( 



2' 

2 ' "'so; I" ^ ' ^ 2 ■ 

,2 1 ^2^ 



a Banach algebra for s > |, u^j. + pi e ^, s > |. Let M(t) = sup(u^j. + x). It fohows 



from Remark 3.1 that there is a point {t, ^{t)) G [0, T) x § such that M{t) = {u^.^ + pl)(t, ^(t)). 
Evaluating (3.3) on {t,^{t)) we get 



Then, we obtain 



Note that 



M{t) = M(0)exp I -4u^{s,^{s))ds 



2 

00 • 



Thus, we get 



M(0) = sup(uo,^^ + Po,x) < \\uo,xx\\l-- + \\po,x\\l 
xes 

WPxWl'^ < -fCexp|-2 J Ux{s,^{s))di 
Next we prove the following useful result on global existence of solutions to (1.1). 



Theorem 3.1 Assume k = 1. Let zq = [ ° \ E x ^ , s > ^, be given and assume 

Po 



that T is the maximal existence time of the corresponding solution z = i \ to (2.3) with 

\P J 

the initial data zq . If there exists M > such that 

lha.(i,-)||L- + ||p(i,-)ILoo <M, t G [0,T), 
then the x H^^^-norm of z{t, ■) does not blow up on [0,T). 

Proof Let z = \ ) be the solution to (2.3) with the initial data zq & x H^~^, ■s > f) 

and let T be the maximal existence time of the corresponding solution z, which is guaranteed 
by Theorem 2.1. Throughout this proof, c > stands for a generic constant depending only 
on s. 

By \\ux{t, ■)\\l'>° < M and Lemma 3.4, we get 

IIPxIU- < ^exp 1^2 Ux{s,^{s))ds^ < Ke^^* := c{t). (3.4) 

Applying the operator A* to the first equation in (2.3), multiplying by A^u, and integrating 
over S, we obtain 

^M\h = -2{uux,u)s + 2{u, d-\]^p' + ^4 + a) + ^(t)),. (3.5) 
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Let us estimate the first term of the right-hand side of (3.5). 



= \ i[A',u]d^u,A%)o + {uA'dc,u,A'u)o\ 

< \\[A',u]d^u\\L2\\A'u\\L2 + ^\{ua:A'u,A'u)o\ 

< {c\\Ux\\l'=-= + ^lka;||L°°)||w|||fs 

< c||tta;||Lo°||tt||^o, 

where we used Lemma 3.2 with r = s. Then, we estimate the second term of the right-hand 
side of (3.5) in the following way: 

< + l4 + a) + h{t)\\H^ \\u\\hs 

< (WO^HIp^ + ^4 + a)\\L2 + W^p^ + ^ul + a||^.-i + \\h{t)\\Hs)\\u\\Hs 

< c{\\p''\\hs-i + \\uI\\hs-i +2\\a\\Hs-i + \\h{t)\\Hs)\\u\\Hs 

< c{\\p\\l°°\\p\\h'-'l + WuxWl^^WuxWh'--^ + H + |/i(t)|)||u||iJ. 

< c{\\p\\l^ + Wu^Wl'^ + l){\\ufHs + Mjjs-l + 1), 

where we used Lemma 3.1 with r = s — 1. Combining the above two inequalities with (3.5), 
we get 

j^\\u\\h < c(||p||l- + \\u^\\l^ + + + !)• (3.6) 

In order to derive a similar estimate for the second component p, we apply the operator A*"-*^ 
to the second equation in (2.3), multiply by A^~^p, and integrate over S, to obtain 

= -2(«Px,p)s-i - '^{uxP,p)s-i- (3.7) 

Let us estimate the first term of the right hand side of (3.7) 

\{upx,p)s-i\ 
= \{A'-\udxp),A'-^p)o\ 

= \{[A'-\u]dxP,A'-'p)o + {uA'-'dxp,A'-'p)o\ 

< \\[A'-\u]dxp\\L4^'-'p\\L^ + ^\{uxA'-^p,A'-'p)o\ 

< c(||u^||loo||p||^._i + \\p^\\l^\\u\\hs-i)\\p\\h''-'^ + 

< cdltij^llioo + \\px\\l'^){\\p\\hs-i + \\u\\h')^ 
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here we applied Lemma 3.2 with r = s — 1. Then we estimate the second term of the right 
hand side of (3.7). Based on Lemma 3.1 with r = s — 1, we get 



\{uxP,p)s-i\ < \\uxP\\h'>-A\p\\h'>-^ 

< c{\\Ux\\L'^\\p\\H''-i + \\p\\l°°\\Ux\\h'>~^)\\p\\h'-^ 

< c{\\ux\\l°° + \\Px\\l°°){\\p\\hs-i + 
Combining the above two inequalities with (3.7), we get 

^\\p\\hs-i < c{\\ux\\l°° + \\p\\l°° + II/Ox||l°°)(||'u||h= + + l). (3.8) 

By (3.6) and (3.8), we have 

^(ll/o||?f-i + 11^11^^ +1) 

< c(||iia;||Loo + IIpIIloo + + i)(I|w|Ihs + + 

An application of (3.4), Gronwall's inequality and the assumption of the theorem yield 

i\\pfHs-l + ||n||^. + 1) < exp(c(M + c{t) + l))(||y9o||^s-l + ||uo||l^. + 1). 

This completes the proof of the theorem. 

Given zq £ x H^~'^ with s > 2. Theorem 2.1 ensures the existence of a maximal T > 
( u\ 

and a solution z = \ to (2.3) such that 

V ^ / 

z = z{-, zq) e C7([0, T)-Wx H'-^) n C^([0, T)-^-^ x H'^'^). 
Consider now the following initial value problem 



qt = u{t,q), t£[0,T), 
q{0, x) = X, X G M, 



(3.9) 



where u denotes the first component of the solution z to (2.3). Then we have the following two 
useful lemmas. 

Applying classical results in the theory of ordinary differential equations, one can obtain 
the following result on q which is crucial in the proof of blow-up scenarios. 

Lemma 3.5 {T^ Let u e C{[0,T); H") f]C^{[0,T); H"-^), s > 2. Then Eq.(3.9) has a 
unique solution q G C^([0, T) xM; M). Moreover, the map q{t, •) is an increasing dijfeomorphism 
ofR with 

qx{t,x) = expi / Ux{s,q{s,x))ds ] > 0, (t, x) G [0, T) x M. 



Following the similar proof in [8], we obtain the next result: 
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Uq \ , 

Lemma 3.6 Assume k = ±1. Let zq = I \ e H"" x \ s > 2 and let T > be the 

\Po J 

maximal existence time of the corresponding solution z = i \ to (1.1). Then we have 

\P J 

pit, q{t, x))q^{t, x) = po{x), V (t, x) G [0, T) X S. (3.10) 
Moreover, if there exists Mi > such that Ux > —Mi for all {t,x) G [0,r) x S, then 

Mt, = Mt, qit, < e^i^||po(-)l|L«=, V i G [0, T). 

Furthermore, if po G , then 

[ \p{t,x)\dx= [ \pQ{x)\dx, VtG[0,T). 
Js Js 

Our next result describes the precise blow-up scenarios for sufficiently regular solutions to (1.1). 

Theorem 3.2 Assume k = 1. Let zq = \ ) G iJ* x H^~^ , s > | 6e given and let T he the 

\po J 

f u\ 

maximal existence time of the corresponding solution z = I \ to (2.3) with the initial data 

\P J 

Zq . Then the corresponding solution blows up in finite time if and only if 

liminf inf Ux(t,x) = —oo. 

Proof By Theorem 2.1 and Sobolcv's imbedding theorem it is clear that if 

liminf inf Uxit.x) = — oo, 

then T < oo. 

Let r < oo. Assume that there exists Mi > such that 

Ux{t,x)>-Mi, V (t,x) G [0,r) X S. 

By Lemma 3.6, we have 

||p(t,-)||L- <e^i^||po||Loc, VtG [o,r). 
Take Kq = iiT^e^^^^. By the first equation in (2.3), a direct computation implies the 



following inequality 

^ / u{t,xfdx (3.11) 
dt Js 

= 2 [ udx^{l-ul + + a)dx + 2h{t) [ udx 

< j u^dx + {ul + kp^ + 2a)dy^ dx + \h{t)\ {^ + j ^{^^ ^fdx 

< \h{t)\ + {l + \h{t)\) J^u{t,xfdx + ^(^J^ {ul + p^ + 2\a\)dx^ 
= \h{t)\ + {l + \h{t)\) [ u{t,xfdx + ]\2\a\+ [ {ul^ + pl)dx\ 

Js ^ L Jo 
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for t e (0,T). 

Multiplying (2.1) by Ux and integrating by parts, we get 



d f f k 1 

— uldx = 2 Ux{-uuxx + -^P^ - ^ul + a)dx (3.12) 

-2uUxUxxdx + k UxP^dx — / Uxdx + 2a Uxdx 



= k UxP^dx 
Js 

Js 

Multiplying the first equation in (1.1) by and integrating by parts, we find 

/ »^dx = - 4 / „.™^d. - 2 / — .d. + 2* / ™pp,d. (3.13) 
Js Js Js Js 

= — 3 / UxTn^dx + 2k mppxdx 
Js •/§ 

< 3Mi / m'^dx+ / + p^dx 
Js Js 

< (3Mi + IIpIIloo) / m'^dx+ \\p\\l°° / p^c 
Js Js 



d_ 
di 



'dx. 



Differentiating the first equation in (1.1) with respect to x, multiplying the obtained equa- 
tion by rux = Uxxxi integrating by parts and using Lemma 3.4, we obtain 

I <dx (3.14) 

Js Js Js Js Js 

= — 5 / UxTnldx + 2k plnixdx + 2k ppxx^xdx 
Js Js Js 

< 5Mi / midx + 2\\px\\ LOO / + ||p||loo / (p^^, + m^)da; 

Js Js Js 

/ O I/O 0\ iiO iiO / o 

< 5Mi / nixdx + \\p\\l°° [Pxx + mxjdx + 2\\px\\loo + 2\\px\\loo / nixdx 

Js Js Js 

< (5Mi + WpWloo + 2Ko) / mldx + \\p\\loo / plxdx + 2Ko. 

Js Js 



Multiplying the second equation in (1.1) by p and integrating by parts, we have 

/ p'^dx = - UxP^dx <Mi p^dx. (3.15) 
Js Js JS 

Differentiating the second equation in (1.1) with respect to x, multiplying the obtained 



d_ 
di 



equation by px and integrating by parts, we obtain 

#/pldx= -3/„.p>-2/mp,.<fa (3.16) 

dt Js Js Js 

< 3Mi / pldx + WpWloo / {m^ + pDdx 

Js Js 

< {SMi + WpWloo) / p^dx + ||/9||lcx, / rn^dx. 

Js Js 

Differentiating the second equation in (1.1) with respect to x twice, muhiplying the obtained 
equation by pxx, integrating by parts and using Lemma 3.4, we obtain 

^ / pIJx (3-17) 

Js Js 

< 5Mi / pl^dx + / mx{3pl - 2ppxx)dx 

Js Js 

< 5Mi / pl^dx + 3WpxWl'>° / Imilc^a; + ||p||l«> / 2mxPxxdx 

Js Js Js 

< (5Mi + IIpIIl-) / pIJx + {SWPxWloo + WpIM / ml + 3WPxWloo 

Js Js 

< (5Mi + IIpIIl-) / plxdx + (S-fCo + IIpIIl-) / rnldx + 3Kq. 

Js Js 

Summing (3.10)-(3.16), we have 

d f , 2 2 2 2 2 2 2\i 

dt Js "^^^"^"^ +'rn'x + P +Px + Pxx)dx 

<Ki [ {u" +ul + rr? + ml + p" + pI + plx)dx + K2, 
Js 



where 



Ki = l+ max \h{t)\ + 8e^i^||po||Loc + (e^i^HpolU-)^ + 17Mi + 5Ko, 
*e[o,r] 



K2 = max \h{t)\ + ^ 

te[o,T] 4 



2\a\ + 



f {ul,x + Po)d^ 
Jo 



By means of GronwaU's inequahty and the above inequahty, we deduce that 

\Ht,-)W'HS + Wp{t,-)Wl^ 

< e'^'^iWuDWls + IIP0III2 + ^), V t G [0,T). 

The above inequahty, Sobolcv's imbedding theorem and Theorem 3.1 ensure that the solution 
z does not blow-up in finite time. This completes the proof of the theorem. 

Note that when A; = — 1, we cannot get Lemma 3.4. However, following the similar proof 
of Theorems 3.1-3.2 we obtain the following two results: 



10 



Theorem 3.3 Assume k = —1. Let zq = [ G x iJ* , s > 2, be given and assume 

\Po J 

f u\ 

that T is the maximal existence time of the corresponding solution z = I \ to (2.3) with 

\P J 

the initial data zq . If there exists M > such that 

\\uAt,-)\\L^ + \\p{t,-)ho. + \\Px{t,-)\\L^ < M, te[0,T), 
then the x H^~^-norm of z{t,-) does not blow up on [0,T). 

Theorem 3.4 Assume k = —1. Let zq = i \ £ x H^~^ , s > |, be given and let T be 

\po J 

the maximal existence time of the corresponding solution z = I \ to (2.3) with the initial 

\P J 

data Zq . Then the corresponding solution blows up in finite time if and only if 
liminf inf = — oo or limsup{||pa;||L°°} = 

For initial data 2:0 = I ) ^ x iJ^, we have the following precise blow-up scenario. 
\po J 

G H X H , and let T be the maximal 

Po J 

existence time of the corresponding solution z = \ \ to (2.3) with the initial data zq. Then 

\P J 

the corresponding solution blows up in finite time if and only if 

liminf inf Ur(i,aj) = —00. 

Proof Let z = i ) be the solution to (2.3) with the initial data zq G LL^ x H^, and let 

V ^ / 

T be the maximal existence time of the solution z, which is guaranteed by Theorem 2.1. 
Let r < 00. Assume that there exists Mi > such that 

u,,{t,x) > -Ml, V G [0,r) X S. 

By Lemma 3.6, we have 

||p(i,-)||L- <e^i^||po||L-, ViG [0,r). 
Combining (3.11)-(3.13) and (3.15)-(3.16), we obtain 

^ [ + ul + m^ + + pldx < K3 [ u"^ + ul + m'^ + + pldx + K4^, 
dt Js Js, 

where 

= 1 + max \h{t)\ + {e^'^WpoUoof + 7Mi + 4e^i^||po||Loo, 
te[o,T] 
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1 r 1^ 

Ki= m&-^\h{t)\ + - 2\a\ + J {ul^ + pl)dx + (e*^i^||po||L-)^. 
By means of Gronwall's inequality and the above inequality, we get 

Mt, -nl. + Mt, Olll,! < e^^\\\uo\\l. + llpoll^i + 

^3 

The above inequality ensures that the solution z does not blow-up in finite time. 
On the other hand, by Sobolev's imbedding theorem, we see that if 

liminf inf Ux(t,x) = — oo, 

then the solution will blow up in finite time. This completes the proof of the theorem. 
Remark 3.2 Note that Theorem 3.2 and Theorem 3.5 show that 

T{a,h{t), II^oIIh-xH^-i) = T{a,h{t), WzqW^s' y^n^'-i) = T{a,h{t), WzoWn^xm) 

with k = 1 for each s,s' > |. Furthermore, the maximal existence time T of the family of 
solutions to (1.1) given in Theorem 2.2 can he chosen independent of s. Moreover, Theorem 
3.5 implies that 

T{a,h{t), ||2;o||if''xi?''-i) < T{a,h{t), H^o IkzxiJi) 
with k = ±1 for each s>2. 

Remark 3.3 Note that Theorem 3.4 shows that 

T{a,h{t), \\zo\\h^xH^-i) = T{a,h{t), \\zo\\hs' ^h^'-i) 

with k = —1 for each s,s' > |. Moreover, the maximal existence time T of the family of 
solutions to (1.1) given in Theorem 2.2 can he chosen independent of s. 

4 Blow-up 

In this section, we discuss the blow-up phenomena of the system (1.1) and prove that there 
exist strong solutions to (1.1) which do not exist globally in time. 

E X ,s>2, and T he the maximal 

Po J 

time of the solution z = i \ to (1.1) with the initial data zq. If po or uq c for any 

\P J 

c G M, and there exists a point xq G S, such that po(xo) = 0, then the corresponding solutions 
to (1.1) hlow up in finite time. 

Proof We use the integrated representation (2.1). Let m{t) = Ux{t, q{t, xq)), 7(i) = p{t, q{t, xq)), 
where q(t,x) is the solution of Eq.(3.9). By Eq.(3.9) we can obtain 

= {utx + uUxx){t,q{t,xo)). 
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Evaluating (2.1) at {t,q{t,xo)) we get 

Since 7(0) = 0, we infer from Lemmas 3.5-3.6 that j{t) = for all t G [0,r). Note that 
a = — ^ /g(po + ^ox)^^ < since po ^ or uq ^ c. Then we have ^m{t) < a < 0. Thus, it 
follows that m{to) < for some to € (0, T). Solving the following inequality yields 

Therefore 

1 11,, 
m{t) - m{to) 2^ 

The above inequality implies that T <to— ^^^^^ and lirn m(f) = —00. In view of Theorem 3.5 
and Remark 3.2, this completes the proof of the theorem. 

Corollary 4.1 Assume k = 1. Let zo = \ ^ ] E x H^~^,s > 2, and T be the maximal 

\Po J 

time of the solution z = I \ to (1.1) with the initial data zo- If Po is odd, either po ^0 or 

\P J 

no ^ is odd, then the corresponding solutions to (1.1) blow up infinite time. 

Proof Since po is odd, po(0) = 0. uq ^ being odd implies uo ^ c for any c G M. From 
Theorem 4.1 we can get the desired result. 

Theorem 4.2 Assume k = —1. Let zo = \ \ £ x H^~^, s > i, and T be the maximal 

\poJ 

time of the solution z = I \ to (1.1) with the initial data zo. The corresponding solutions 

\P J 

to (1.1) blow up in finite time if one of the following conditions holds: (1) a < 0, (2) a > 
and there exists some Xq € S such that Uq{xo) < — (3) a = and there exists some xq G S 
such that Uq{xo) < 0, po{xo) ^ 0. 

Proof Applying Remark 3.3 and a simply density argument, it is clear that we may consider 
the case s = 3. Define now 

m{t) := mm{ux{t,x)}, t G [0,T) 
and let ^{t) G S be a point where this minimum is attained by Lemma 3.3. It follows that 

m{t) = u,{t,m)- 

Clearly Uxx 

{t,^{t)) = since u{t, •) G if^(S) C C'^{E>). Using the integrated representation (2.1) 
and evaluating it at (t,^(t)), we obtain 

j^mit) < ~m{tf + a. 
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Let (1) hold. Note that '^^^^^ < a. It then follows that there is a point G S such that 
m{to) < 0. Solving the following inequality 

we obtain 

1 11,, 
m{t) m{to) 2 

This implies that T <tn i-^ and lim mit) = — oo. 

^ " m{t0) f^rp V / 

Let (2) hold. Note that if m(0) = n'o(^(0)) < u'q{xo) < -\/2a, then m(t) < -\/2a for all 
i G [0, r). From the above inequality we obtain 

m(0) - V2K ~ m{t) - V2a ~ 



Since < ""^"l^^ < 1, there exists 

m(0)— V2a 

^ _ 1 , m(0) - V2a 
< T < ^ In —-^ 

\/2a m(0) + V2a 

such that lim(^rm(i) = — oo. Theorem 3.5 and Remark 3.2 imply that the corresponding 
solution to (2.3) blows up in finite time if condition (1) or condition (2) holds. 

Let (3) hold. We use the integrated representation (2.1). Let h(t) = Ux{t,q{t,XQ)), j{t) = 
p{t,q{t,xo)), where q{t,x) is the solution of Eq.(3.9). By Eq.(3.9) we can obtain 

^ = {Utx + UUa:x)(t, q{t, Xo)). 

Evaluating (2.1) at {t,q{t,xo)) we get 

By 7(0) / 0, we infer from Lemmas 3.5-3.6 that -f{t) / for all t G [0,T). Since h{0) < and 
^h(t) < 0, it follows that h(to) < for some to G [0,7"). Solving the following inequality 

iHt)<-lk(tf. 

we obtain 

This implies that T < to — -j^^ and lim h{t) = — oo. In view of Theorem 3.5 and Remark 3.2, 
this completes the proof of the theorem. 

Corollary 4.2 Assume k = -1. Let = f "° 1 G iJ* x H^~^,s > |, and T be the 

\po J 

maximal time of the solution z = I \ to (2.3) with the initial data zq- The corresponding 

\P J 

solution to (2.3) blows up infinite time if one of the following conditions holds: (1) a> and 
u[,(0) < - V2a, (2) a = and u'q{0) < 0, po(0) ^ 0. 
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5 Global Existence 



In this section, we will present a global existence result, which improves considerably the recent 
results in [il[2n]. 

Theorem 5.1 Assume k = I. Let zo = [ ] £ X where s = 2 or s > 3 and T be 

\ Po J 

f u\ 

the maximal time of the solution z = i \ to (1.1) with the initial data zq. If pq{x) ^ for 

\P J 

all X € S, then the corresponding solutions z exist globally in time. 

Proof By Lemma 3.5, we know that q{t, •) is an increasing diffeomorphism of M with 

qx{t , x) = exp Ux{s,q{s, x))d6^ > 0, V (t, x) G [0, T) x M. 

Moreover, 

infn^.(t,y) = M Ux{t,q{t,x)), VtG [0,r). (5.1) 

Set M{t,x) = Ux{t,q{t,x)) and a{t,x) = p{t,q{t,x)) for t £ [0,T) and x G M. By (1.1) and 
Eq.(3.9), we have 

dM \/ / \\ ^ da , ^ ^. 

= [utx + uuxx){t,q[t,x)) and — = -aM. (5.2) 

Evaluating (2.1) at {t,q{t,x)) we get 

dtM{t, x) = -^M{t, xf + ^a(t, xf + a. (5.3) 

By Lemmas 3.5-3.6, we know that a(t,x) has the same sign with a(0,x) = p{){x) for every 
X € M. Moreover, there is a constant /? > such that inf |a(0, x)| = inf |pn(x)| > /? > since 

Po{x) 7^ for all X G S and S is a compact set. Thus, 

Q;(t,x)Q(0,x) > 0, Vx G R. 
Next, we consider the following Lyapunov function first introduced in [2]. 

w(t, x) = a(t, x)a(0, x) + "1"' ^} (1 + M^), (t, x) G [0, T) x M. (5.4) 

a{t, X) 

By Sobolev's imbedding theorem, we have 

0< w(0,x) = a(0,x)2 + l + M(0,x)2 (5.5) 
= po{xf + 1 + no,x(x)^ 
< 1 + max(/>o(x)^ + uo^xix)'^) ■= Ci. 

x& 

Differentiating (5.4) with respect to t and using (5.2)-(5.3), we obtain 
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dw , , a(0, x) , 

<|1 + 2„|454(1 + M^) 

< |1 + 2a|w;(t,x). 
By Gronwall's inequality, the above inequality and (5.5), we have 

w(1i,x) < 'u;(0,x)el^+2"l* < del^+^^l* 
for all (t, x) G [0, T) x R. On the other hand. 



w{t, x) > 2A/a2(0, x)(l + M2) > 2/3|M(t, x)|, V (i, x) G [0, T) x M. 

Thus, 

M(t,x)>-^«;(i,x)>-^Cieli+2'^l* 
for all (t,x) G [0,r) x R. Then by (5.1) and the above inequality, we have 

lim inf n^(t,y) = lim inf u^{t,q{t,x)) > -T^Ciel^+^^l*. 

This completes the proof by using Theorem 3.2 and Remark 3.2. 
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